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The newly-emerging sparse representation-based classiﬁer (SRC) shows great potential for pattern
classiﬁcation but lacks theoretical justiﬁcation. This paper gives an insight into SRC and seeks reasonable
supports for its effectiveness. SRC uses L1-optimizer instead of L0-optimizer on account of computational
convenience and efﬁciency. We re-examine the role of L1-optimizer and ﬁnd that for pattern recognition
tasks, L1-optimizer provides more classiﬁcation meaningful information than L0-optimizer does. L0-optimizer
can achieve sparsity only, whereas L1-optimizer can achieve closeness as well as sparsity. Sparsity determines
a small number of nonzero representation coefﬁcients, while closeness makes the nonzero representation
coefﬁcients concentrate on the training samples with the same class label as the given test sample. Thus, it is
closeness that guarantees the effectiveness of the L1-optimizer based SRC. Based on the closeness prior, we
further propose two kinds of class L1-optimizer classiﬁers (CL1C), the closeness rule based CL1C (C-CL1C) and
its improved version: the Lasso rule based CL1C (L-CL1C). The proposed classiﬁers are evaluated on ﬁve
databases and the experimental results demonstrate advantages of the proposed classiﬁers over SRC in
classiﬁcation performance and computational efﬁciency for large sample size problems.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
‘‘Sparse (or sparsity)’’ becomes a popular term in neuroscience,
information theory and signal processing and related areas in the
past decade [1–10]. Vinje and Gallant’s studies suggested that
primary visual cortex (area V1) uses a sparse code to efﬁciently
represent natural scenes. The receptive ﬁelds function forms a
sparse representation of the visual world during natural vision [1].
Olshausen and Field [2] and Serre [3] revealed that the ﬁring
of the neurons with respect to a given input image is typically
highly sparse if these neurons are viewed as an overcomplete
dictionary of base signal elements at each visual stage. All of these
ﬁndings form a physiological basis for sparse coding and sparse
representation.
Sparse coding and sparse representation has recently aroused
intensive interest pattern recognition and computer vision area.
Labusch et al. [11] presented a simple sparse-coding strategy for
digit recognition and achieved state-of-the-art results on the MNIST
benchmark. Zhou et al. [12] presented a sparse principal component
analysis (SPCA), which uses the Lasso (elastic net) to produce
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modiﬁed principal components with sparse loadings and yields
encouraging results for regular multivariate data and gene expression arrays. Subsequently, different formulations of SPCA and sparse
linear discriminant analysis have been developed [13–15]. Cai et al.
[16] suggested a sparse projection over graph and showed its power
for document classiﬁcation. Qiao et al. [17] put forward a sparse
preserving projection technique and demonstrated its effectiveness
for face recognition. Actually, Qiao et al.’s sparse preserving projection can be viewed as a special case of L1-graph under a general
dimensionality reduction framework [18–20]. Recently, Wright
et al. presented a sparse representation based classiﬁcation method
and successfully applied it to recognize human faces with varying
lighting condition, occlusion and disguise [21]. In addition, Wright
et al. [20] reviewed other sparse representation methods that were
applied to different vision tasks such as image super-resolution [22],
image denoising and inpainting [23], signal and image classiﬁcation
[24–27], etc. In most of these applications, using sparsity as a prior
leads to state-of-the-art results.
This paper focuses on sparse representation based classiﬁcation.
The basic idea of Wright et al.’s sparse representation based
classiﬁcation (SRC) method is to represent a given test sample as a
sparse linear combination of all training samples; the sparse nonzero
representation coefﬁcients are supposed to concentrate on the
training samples with the same class label as the test sample. The
sparsest solution can be sought by solving the L0-optimization
problem. However, solving L0-optimization problem is NP hard
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and even difﬁcult to approximate [28]. Recent development in the
emerging theory of sparse representation and compressed sensing
[29,30,5] reveals that ﬁnding the solution of the L0 optimization
problem is equivalent to ﬁnding the solution of the L1 optimization
problem for certain dictionaries. The L1-optimizer is therefore used
instead of the L0-optimizer in SRC.
Regarding SRC, a fundamental problem is: when one uses all
classes of training samples to represent a given test sample, why
does the small number of nonzero representation coefﬁcients concentrate on the homo-class training samples? Wright and Ma [31]
and Wright et al. [20] addressed the extended L1-minimization
model based error correction problem and interpreted why accurate
recovery of sparse signals is possible even if the corruption error is
almost dense. But the fundamental problem mentioned remains
open, just as said in [20] ‘‘—the striking discriminative power of the
sparse representation still lacks rigorous mathematical justiﬁcation’’.
In this paper, our intention is to seek some reasonable supports
for SRC.
We begin with an example of the two-class handwritten numerical recognition problem in which the L0-solution fails while the
L1-Solution succeeds for classiﬁcation. This fact indicates that
the sparest representation gained by the L0-optimizer is not sufﬁcient for classiﬁcation. Conversely, the L1-optimizer may not achieve
the sparest solution, but achieves the meaningful solution for correct
classiﬁcation. We then introduce the closeness theory to reveal the
connection of the L1-solution to classiﬁcation. The L1-norm of
nonzero weights can provide a metric to measure the degree of
closeness between the testing sample and its support training
samples, while the L0-norm cannot. The effectiveness of SRC is due
to the closeness prior: the homo-class representation leads to the
minimal L1-norm of nonzero weights. The physical meaning of
minimizing L1-norm of weights becomes clearer if a weight-sumto-one constraint is imposed onto the L1-optimizer, i.e., searching for
the support training samples such that their centroid is closest to
the given test sample in the sense of L1-norm.
We further introduce the theory of (global) neighborliness and
local neighborliness of quotient polytope associated with a dictionary, and use it to in-depth analyze the role of L1-optimizer in pattern
recognition. In global neighborliness cases where the quotient
polytope associated with the dictionary formed by all training
samples is t-neighborly, L1-optimizer achieves both sparsity and
closeness globally. In such cases, L1-solution equals to L0-solution,
i.e., the globally sparsest solution. This sparsest solution determines
the set of support training samples that is closest to the given testing
sample. In local neighborliness cases where the quotient polytope
associated with the dictionary formed by class training samples is
t-neighborly, L1-optimizer achieves sparsity locally and closeness
globally. In such cases, L1-solution is a locally sparse solution,
possibly not the globally sparsest solution, but it is the solution
which is most meaningful for classiﬁcation. Beyond neighborliness,
the degree of sparsity of L1-solution cannot be guaranteed, but
its effectiveness for classiﬁcation can still be guaranteed, i.e., the
L1-solution determines the set of support training samples that is
closest to the given testing sample.
Based on the closeness analysis, we present two class L1-optimizer
classiﬁers (CL1C). To this end, we ﬁrst provide theoretical, geometrical
and computational justiﬁcations for supporting the class training
samples based representation. We then present the closeness rule
based CL1C (C-CL1C), which uses the closeness (i.e., the L1-norm of
the representation coefﬁcients) as a criterion to make a decision.
A normalized version of C-CL1C is obtained based on geometrical
meaning of the solution of the constrained L1-optimizer. To overcome
the limitation of C-CL1C, which restricts the testing sample to lie
on faces of the class polytopes and only suits for large sample size
problems, we further present the Lasso rule based CL1C (L-CL1C) and
its normalized version. To test the proposed classiﬁers, we ﬁnally use
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four databases which involve different recognition tasks: the AR
database for gender recognition, the CENPARMI database for handwritten numeral Recognition, the NUST603 database for handwritten
Chinese character recognition, the Extended Yale B database for face
recognition. The experimental results demonstrate the effectiveness
of the proposed classiﬁers.

2. Outline of sparse representation-based classiﬁer
Suppose there are c known pattern classes. Let Ai be the matrix
formed by the training samples of Class i, i.e., Ai ¼ ½yi1 ,yi2 ,. . .,
yiMi  A RNM i , where Mi is the number of training samples of Class
i. Let us deﬁne a matrix A ¼ ½A1 ,A2 ,. . .,Ac  A RNM , where M ¼
Pc
i ¼ 1 Mi . The matrix A is obviously composed of entire training
samples.
Given a test sample y, we represent y in a overcomplete
dictionary whose basis vectors are training sample themselves,
i.e., y ¼Aw. This system of linear equation is underdetermined if
N oM. The idea of sparse representation based classiﬁcation is
motivated by the following observation: a valid test sample y can
be sufﬁciently represented using only the training samples from
the same class. The representation is naturally sparse if training
sample size is large enough. The sparser the recovered representation coefﬁcient vector w is, the easier it will be to accurately
determine the identity of the test sample y [21].
The sparsest solution to y¼Aw can be sought by solving the
following optimization problem:
^ 0 ¼ arg min:w:0 , subject to Aw ¼ y,
ðL0 Þ w

ð1Þ

where :U:0 denotes the L0-norm, which counts the number of
nonzero entries in a vector.
Solving L0 optimization problem in Eq. (1), however, is NP hard
and extremely time-consuming. Fortunately, recent research
^ 0 is
efforts reveal that for certain dictionaries, if the solution w
spare enough, ﬁnding the solution of the L0 optimization problem
is equivalent to ﬁnding the solution to the following L1 optimization problem [5,29,30]:
^ 1 ¼ argmin:w:1 , subject to Aw ¼ y:
ðL1 Þ w

ð2Þ

This problem can be solved in polynomial time by standard
linear programming algorithms [33]. A more efﬁcient algorithm,
e.g., the homotopy algorithm which has a computational complexity that is linear to the size of the training set, is available
recently [34].
^ 1 , we can design a
After obtaining the sparsest solution w
sparse representation based classiﬁer (SRC) in terms of the class
reconstruction residual. Speciﬁcally, for Class i, let di : RN -RN be
the characteristic function that selects the coefﬁcients associated
with the ith class. For wARN, di(w) is a vector whose only nonzero
entries are the entries in w that are associated with Class i. Using
only the coefﬁcients associated with the ith class, one can
^ 1 Þ. The correspondreconstruct a given test sample y as y^ i ¼ Adi ðw
ing class reconstruction residual is deﬁned by
^ 1 Þ:2 :
ri ðyÞ ¼ :yy^ i :2 ¼ :yAdi ðw

ð3Þ

The SRC decision rule is: if rl ðyÞ ¼ min ri ðyÞ, y is assigned to
i
Class l.
For convenience, the training samples (or basis vectors) associated
with nonzero representation coefﬁcients are called the support
training samples (or support basis vectors) in the remainder of the
paper, which is in spirit consistent with the concept of support
vectors in support vector machine (SVM) literature [32].
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Fig. 1. Illustration of the two-class handwritten numerical recognition problem, where the dots represent samples of ‘‘8’’, while the triangles represent samples of ‘‘0’’.

Finally, it should be stressed that SRC relies on the following
assumption to guarantee the sparsity of the representation of a
test sample:
Assumption 1. (Large Sample Size Assumption): there are sufﬁcient number of training samples for each class, such that any test
sample can be sufﬁciently represented using only the training
samples from the same class.
In all of our analysis in reminder of the paper, we always
assume that the above assumption holds.

3. A classiﬁcation example: L0 solution fails while
L1 solution succeeds
The idea of sparse representation based classiﬁcation implies
that the identity of a test sample can be accurately determine, as
long as the solution is sufﬁcient sparse. However, this is not
always the case. Sometimes, a test sample is misclassiﬁed even if
the solution is extremely sparse. This problem becomes prominent when there exists a class formed by parts of objects among
many classes of objects.
For example, in handwritten (or printed) numerical recognition problems, ‘‘0’’ can be viewed as a part of ‘‘8’’. For simplicity,
let us consider a two-class problem which contains the samples
of ‘‘0’’ and ‘‘8’’. As shown in Fig. 1, a sample of ‘‘8’’, Y, can be
represented extremely sparsely by samples of same class, Y1, Y2
and Y3. At the same time, Y can be represented extremely sparsely
as well by samples of the other class (‘‘0’’ class), X1, X2. Speciﬁcally, Y can be represented in the following ways:
ðHomo-class representationÞ Y ¼ 13 Y1 þ 13 Y2 þ 13Y3
^ 1,
þ 0Y4 þ    þ 0YM1 ¼ Aw

ð4Þ

coefﬁcient vector is
2

3T

7
^ 0¼6
w
40,. . .,0 ,1,1,0,. . .,0 5 :
|ﬄﬄﬄ{zﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
M1

M2

^ 0 is 2. In this case, the SRC makes a wrong
here, the L0-norm of w
decision and assign a sample of ‘‘8’’, Y, to the class of ‘‘0’’.
This example shows us that natural sparsity itself cannot guarantee correct classiﬁcation. More speciﬁcally, for a given sample, one
uses the L0-optimizer to obtain the optimal solution. Even if the
optimal solution is sufﬁciently sparse, the resulting representation
still cannot garantee the correctness of classiﬁcation.
In order to achieve correct classiﬁcation results, based on the
SRC decision rule, it is necessary to make the sparse nonzero
representation coefﬁcients of a sample concentrate on the homoclass samples. The L0-optimizer is not qualiﬁed for this, although
it sufﬁces to recover the sparse representation of a sample.
For the same two-class numerical classiﬁcation problem mentioned above, if we use L1-optimizer in Eq. (2) instead of
L0-optimizer to seek for the optimal solution, the sparsest
representation coefﬁcient vector is
2
3T
7
^ 1¼6
w
. .,0 5 ,
41=3,1=3,1=3,0,. . .,0 ,0,.
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄﬄ{zﬄﬄﬄ}
M1

M2

^ 1 results in the minimal the L1-norm. It is obvious
because the w
^ 1 :1 ¼ 1o :w
^ 0 :1 ¼ 2. In terms of the SRC decision rule, w
^1
that :w
produces the correct classiﬁcation result.1 It appears that the
L1-optimizer recovered sparse representation is more meaningful
for classiﬁcation, although it is a bit denser than L0-optimizer
recovered one.
Compared to L0-optimizer, it seems that L1-optimizer has an
extra power to concentrate the sparse nonzero representation

ðHetero-class representationÞ Y ¼ 1X1 þ1X2 þ 0X3
^ 0:
þ 0X4 þ    þ 0XM2 ¼ Aw

ð5Þ

Let A ¼ ½Y1 ,. . .,YM1 ,X1 ,. . .,XM2 . If one uses L0-optimizer in
Eq. (1) to seek for the optimal solution, the sparsest representation

1
Note that here for simplicity and being easily understood, we use the
original samples to directly represent Y, as shown in Eqs. (4) and (5). If we
normalize Y1, Y2, Y3, X1, X2 to be unit vectors before the representation, we still
have the same classiﬁcation result.
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coefﬁcients of a sample on the homo-class samples. It is this
power that makes L1 solution more effective than L0 solution for
pattern recognition. In the following sections, we provide theoretical analysis on L0-optimizer and L1-optimizer, reveal the role
of L1-optimizer in pattern recognition and further show why
L1-optimizer based classiﬁer is effective for pattern classiﬁcation.

4. Why L1 solution is more effective than L0 solution
for classiﬁcation?
In this section, we will provide an intuitive interpretation for
why L1-optimizer can recover classiﬁcation meaningful representation. Here, we do not address the problem whether L1 solution
is sparse or not (actually this is another problem we will
address in the next section). Rather, we focus on the function of
L1-optimizer, i.e., minimizing the L1-norm of nonzero representation coefﬁcients (weights) and reveal its connections to pattern
classiﬁcation.
For a given test sample y, the objective function of L1-optimizer is
:w:1 , which provides a metric to measure the magnitude of the
nonzero reconstruction weights under the constraint of Aw¼y. The
minimization of :w:1 is apt to select the set of support training
samples associated with the smallest nonzero reconstruction weights
in the sense of the L1-norm, among all candidate sets of samples
which can produce the representation y¼Aw. Whereas, the objective
function of L0-optimizer, minimizing :w:0 , does not provide this
weight-selecting mechanism, except for determining the degree of
sparsity, i.e., the minimum number of support training samples for
representing y. For instance, if two set of support vectors can
represent the test sample with the same degree of sparsity, the
L1-optimizer has the ability to choose the set with minimal L1-norm
of nonzero weights, whereas the L0-optimizer does not have this
ability. In other words, L1-optimizer is more informative than
L0-optimizer, since its objective function provides a mechanism for
support vector selection, i.e., selecting the support training samples to
represent a given test sample with the minimal ‘‘representation cost’’.
In the following, we aim to reveal the intuitive connection
between the minimal L1-norm of nonzero representation weights
and classiﬁcation. To this end, we ﬁrst give the following assumption:
L1-Prior (Closeness Prior) For a given testing sample, using
only the homo-class support training samples to represent it
can give rise to the minimal representation weights (coefﬁcients) in the sense of the L1-norm.
The reason that calls L1-Prior the Closeness Prior lies in two
aspects. First, each sample should be naturally represented by the
homo-class support training samples, thus a sample is closed in
the homo-class sample set. Second, the magnitude of representation weights determines the degree of closeness between a
testing sample and the set of support training samples used to
represent it. The minimal representation weights imply that a
testing sample is closest to the set of support training samples.
For the two-class numerical classiﬁcation example mentioned
above, as shown in Fig. 1, the test sample Y is very close to the
sample set {Y1, Y2, Y3} of Class ‘‘8’’, but far away from the sample
set {X1, X2} of Class ‘‘0’’, noticing that the representation weights
of the former, as a whole, is much smaller than that of the later in
sense of L1-norm. This closeness provides very important information for classiﬁcation. Although the test sample Y can be
represented most sparsely by X1 and X2, it is far away from these
two samples, so Y is not likely to belong to the class of X1 and X2.
Actually, the physical meaning of minimal L1-norm of nonzero
representation weights (i.e., :w:1 ) becomes clearer if we put a
weight-sum-to-one constraint on the L1-optimizer. The constraint
can eliminate the effect of rotation and rescaling. By adding this

1107

constraint, the L1-optimizer becomes
^ 1 ¼ argmin:w:1 , subject to Aw ¼ y and 1T w ¼ 1,
ðConstrained L1 Þ w

ð6Þ
where 1 is an M-dimensional column vector in which every
element is 1. Since 1Tw¼1 is a linear equation, it easy to integrate
it with Aw¼y, forming a new system of linear equations. Thus,
Eq. (6) is equivalent to the following augmented L1-optimizer:
^ 1 ¼ arg min:w:1 , subject to Aw ¼ y,
ðConstrained L1 Þ w

ð7Þ

where
 
 
A
y
A¼
:
T , y¼
1
1
In this way, the algorithm for L1-optimizer can be directly used
^ 1 is the
to resolve the constrained L1-optimizer. Assuming w
^ 1 is actually a weighted mean
obtained optimal solution, y ¼ Aw
^ 1 ¼ 1.
of the support training samples since 1T w
Now, looking back at the two constraints of the constrained
L1-optimizer in Eq. (6) from a new viewpoint, we can see that the
given sample y lies on the following hyperplane:
8
9
<
=
M
M
X
X
ð8Þ
F ¼ z¼
wj xj 9
wj ¼ 1 ,
:
;
j¼1

j¼1

here we rewrite all training samples in A as x1 ,x2 ,. . .,xM . If the
solution of the constrained L1-optimizer is sparse, without loss of
generality, let the ﬁrst K training samples are support basis vectors.
Then, the given sample y actually lies on a (K 1)-dimensional
hyperplane
8
9
K
K
<
=
X
X
F ¼ z¼
wj xj 9
wj ¼ 1 :
ð9Þ
:
;
j¼1

j¼1

Assuming that x1 ,x2 ,. . .,xK belong to the same class, the above
hyperplane can be viewed as a local (K 1)-dimensional patch
(local face) on the class manifold.
If we choose a reference point on the hyperplane as the origin, for
example, using the centroid (the mean of the support training
P
P
samples) x ¼ 1=K Kj¼ 1 xj as the origin, the constraint Kj¼ 1 wj ¼ 1
can be removed and the hyperplane in Eq. (9) is equivalently
expressed as [35]
8
9
<
=
K
X
!
!
F ¼ zx ¼
wj x j , where x j ¼ xj x:
ð10Þ
:
;
j¼1

Now, let us consider the problem in the new coordinate
!
!
!
!
system whose axes are x 1 ,. . ., x K and origin is x. If x 1 ,. . ., x K
are unitary vectors, for the test sample y on the hyperplane F,
the L1-norm of its corresponding weights, :w:1 , is actually the
L1-distance from y to the origin x, i.e., the mean (centroid) of the
support training samples, as shown in Fig. 2 where K¼ 3. From
this point, we know that the implication of :w:1 : suggesting a
metric to measure the distance between the testing sample and
the set of support training samples. Minimizing :w:1 , therefore,

x3
w2
w3

y
x

x1

w1

x2
Fig. 2. Illustration of the geometric meaning of :w:1 : the L1-distance from y to
!
!
the origin x in the coordinate system formed by x 1 ,. . ., x K , here K¼ 3.
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implies to search for the support training samples such that their
centroid is closest to the given test sample.
In a word, if a given test sample complies with the Closeness Prior,
L1-optimizer can concentrate the nonzero sparse representation
coefﬁcients of a test sample onto its homo-class support samples
such that their centroid is closest to the test sample in the sense of
L1-norm. This provides an underlying justiﬁcation for the effectiveness of the L1-optimizer based sparse representation classiﬁer.
In addition, from the example in Section 3, we can conclude
that sparsity itself pays more attention to the local reconstruction,
while closeness focuses on the global similarity. This global
similarity is critical for pattern classiﬁcation.

5. Analysis of the role of L1-optimizer in pattern recognition
In this section, we ﬁrst outline the existing theoretical results
on the equivalence between the L0 and L1 problems which was
developed by Donoho [36,37], then use the theory of neighborliness to address the uniqueness question and ﬁnally present the
sufﬁcient and necessary condition for the L0–L1 equivalence in
Section 5.1. In Section 5.2, we apply the L0-L1 equivalence to
analyze the role of L1-optimizer in pattern recognition.
5.1. Fundamentals
For a given, general dictionary A and signal y, the equivalence
between the L0 problem and the L1 problem involves the following two questions [36]:
(1) Uniqueness: having the solution of the L1 problem, under
which conditions can we guarantee that this is also the
solution of the L0 problem?
(2) Equivalence: knowing the solution of the L0 problem, what are
the conditions under which L1 is guaranteed to lead to the
exact same solution? This question is called L1/L0 equivalence.
The Uniqueness question has been answered by the following
theorem [36,37]:

representation as a convex combination of vertices of P; (b) this
representation places nonzero weights only on vertices of F.
Conversely, suppose that F is a k-dimensional closed convex subset
of P with properties (a) and (b) for every xAF. Then F is a k-simplex
and a k-face of P.
Actually, the concept of neighborliness can be understood
from the polytope map point of view. Let C CRn be the
n-dimensional cross-polytope, characterized as the convex hull
of the signed unit basis vectors 7ei with i ¼ 1,. . .,n and as the L1
ball in Rn, i.e.,
:w:1 r 1:

ð11Þ

After being transformed by the matrix A, the cross-polytope C
is mapped into a convex polytope P¼AC. Neighborliness means
that the l-faces of P are simply images under A of the l-faces of C.
Speciﬁcally, we have the following Lemma
Lemma 2. (Alternate Form of Neighborliness) [37] Suppose that the
centrosymmetric polytope P ¼AC has 2n vertices and is k-neighborly.
Then
8l ¼ 0,. . .,k1, 8F A Fl ðCÞ, AF A Fl ðPÞ:

ð12Þ

Conversely, suppose that Eq. (12) holds; then P¼AC has 2n
vertices and is k-neighborly.
Combining Lemmas 1 and 2, we know that if P is k-neighborly,
there exists a one-to-one mapping from l-faces of the cross-polytope
C to l-faces of the quotient polytope P, where lok. For each point w
on l-faces of the cross-polytope C, there is a unique, corresponding
point y on l-faces of the quotient polytope P such that y¼Aw, and
vice versa. Fig. 3(a) gives an example of k-neighborliness (k¼3),
where each point on l-faces of C is mapped into a unique point on
l-faces of P (lo3). Fig. 3(b) shows an example of non-k-neighborliness
(k¼3), where there exist two points on l-faces of C that are mapped
into a point y. The point y must be an interior point of P from Lemma
1, since its representation is not unique. The image of the point w1 or
w2 on l-faces of C is not on l-faces of P, so P is not k-neighborly (k¼3)
from Lemma 2.

Theorem 1. (Uniqueness Theorem): given a general dictionary A,
given its corresponding Spark value s, and given a signal y, the
solution w of the L1 problem is also the solution of the L0 problem if
:w:0 r s=2.
Theorem 1 involves a concept of the Spark value. Given a
matrix A, s ¼Spark(A) is deﬁned as the largest possible number
such that every sub-set of s columns from A are linearly
independent, and at least one sub-set of s þ1 columns of A are
linearly dependent.
The equivalence question has been addressed by Donoho [37]
based on the ideas from the theory of convex polytopes. The
related concept of quotient polytope corresponding to a dictionary A and its neighborliness are given below:

C ∈ R3

Deﬁnition 1. Let ai denote the ith column of a d  n matrix A. A
quotient polytope P associated to A is deﬁned as the convex hull
of the 2n points (7ai, i ¼ 1,. . .,n) in Rd. The 2n points 7ai are
called vertices of P. P is centrosymmetric and is called (centrally)
k-neighborly if every subset of k þ1 points not including an
antipodal pair spans a face of P.

w2

For any point on a k-dimensional face of a closed, convex
polytope P, its representation is unique, and vice versa. Formally,
the following lemma holds [37]:

C ∈ R3

Lemma 1. (Unique Representation) Consider a k-face Fk(P) and
suppose that F is a k-simplex. Let xAF. Then (a) x has a unique

y

w

P ∈ R3

w1

y

P ∈ R3

Fig. 3. Illustration of k-neighborliness and non-k-neighborliness of P¼ AC from the
mapping point of view. (a) P is k-neighborly (k¼ 3) and (b) P is not k-neighborly (k¼3).
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Donoho [37] has connected the neighborliness to the question
of L1/L0 equivalence:
Theorem 2. (Equivalence from Neighborliness) Let A be a d  n
matrix, don. The quotient polytope P has 2n vertices and is
k-neighborly if and only if w0 is the unique optimal solution of the
L1 problem whenever y¼Aw0 has a solution w0 with at most k
nonzeros.
From the above results on neighborliness, an upper bound on
the sparsity level at which L1- optimizer can solve L0 problem has
been obtained [38,37]
Corollary 1. Let P be a centrosymmetric d-polytope with dZ2 and
n Zdþ2. If P is k-neighborly, we have
k r½ðd þ1Þ=3,

ð13Þ

here, we will go one step further and connect the neighborliness
to the question of Uniqueness. To this end, let us ﬁrst present the
following lemma:
Lemma 3. Let P be a quotient polytope associated to a d  n
dictionary A. If P is k-neighborly, then s ¼Spark(A) Z2k.
The Proof of Lemma 3 is given in appendix. From Theorem 1
and Lemma 3, we have
Theorem 3. (Uniqueness from Neighborliness): given a general
dictionary A and a signal y, if the associated quotient polytope P is
k-neighborly, any solution of the L1 problem with at most k nonzeros
is also the solution of the L0 problem.
Combining Theorems 2 and 3, we obtain the following theorem:
Theorem 4. (L0–L1 Equivalence) Let P be a centrosymmetric polytope associated to a d  n dictionary A. P is k-neighborly if and only if
the L0 problem is equivalent to the L1 problem, that is, for every w0
with at most k nonzeros, if it is the solution of the L0 problem, it must
be the unique solution of the L1 problem, and vice versa.
5.2. The role of L1-optimizer in pattern recognition
5.2.1. Achieving both sparsity and closeness globally in global
neighborliness cases
Now, we discuss about the L0–L1 Equivalence for a special
dictionary A formed by all training samples in SRC. The dictionary
associated quotient polytope P is the convex hull of the 2M
vertices ( 7xij) corresponding to M training samples. From the
Theorem 4, we know that if P is k-neighborly, for every solution of
the L1 problem with at most k nonzeros, it must be the unique
solution of the L0 problem. Conversely, for every solution of the L0
problem with at most k nonzeros, solving the L1 problem can
exactly recover this sparest solution.
From the analysis in Section 4, we know that for a given test
sample y, the objective function of L1-problem is to select the set
of support training samples associated with the smallest nonzero
reconstruction weights in the sense of the L1-norm from all
candidate sets of samples which can produce the representation
y¼Aw. As a result, the degree of closeness between the testing
sample and the set of support training samples is minimal. If the
number of support training samples is no more than k, this set of
support training samples can also provide the sparsest representation of y provided that A-associated quotient polytope P is
k-neighborly. In summary, L1-optimizer can achieve both sparsity
and closeness globally if P is k-neighborly.
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5.2.2. Achieving sparsity locally and closeness globally in local
neighborliness cases
For the dictionary A formed by all training samples from different
classes in SRC, however, the associated quotient polytope P is
not necessarily (globally) k-neighborly. Although Donoho [29] has
shown that for most large underdetermined systems of linear
equations, the miminal L1-norm solution is also the sparsest solution, it should be noted that this conclusion was drawn based on the
assumption that columns of a dictionary are sampled independent
and identically-distributed (iid) from the uniform distribution on the
unit sphere Sd 1(see Theorem 4.2 in [37] for details). However, for
SRC, the columns of A are generally not iid random vectors because
they are sampled from different classes with different distributions.
So, this conclusion is not suitable for the dictionary used in SRC.
In other words, the dictionary formed all training samples from
different classes may have a small probability to be k-neighborly.
If A is not k-neighborly, a test sample might be the interior
point of the associated quotient polytope P. An interior point of
the quotient polytope P has two or more different original images
on faces of the cross-polytope C, as shown in Fig. 3(b). To avoid
this many-to-one mapping, a possible way is to split the polytope
P into a number of small polytopes such that the interior points
exist on faces of the generated small polytopes. That is, when A is
not k-neighborly, we would rather look at the associated quotient
polytope P locally than globally. This idea connects to the concept
of local neighborliness [37]:
Deﬁnition 2. Given a d  n matrix A and its associated quotient
polytope P, let I denotes the subset of m columns of A and
AI denotes the matrix formed by this subset of m columns.
If AI-associated quotient polytope PI is k-neighborly, we call P is
locally k-neighborly.
There are two justiﬁcations for supporting local neighborliness
in SRC:
First, local neighborliness implies that the support vectors
(corresponding to nonzeros) are collected from a subset of
columns of the dictionary A. For classiﬁcation purposes, we would
like a test sample to be represented by the samples of the same
class. Therefore, it is reasonable to choose the subset I as the set of
the training samples of the same class.
Second, the local quotient polytope PI is more likely to be
k-neighborly if the subset I is composed of training samples of the
same class. This is because columns of AI are independent and
identically-distributed random vectors since they are sampled
from one class. From Theorem 4.2 in [37], we know PI have a large
probability to be k-neighborly.
Based on the above analysis, for the dictionary A ¼ ½A1 ,A2 ,. . .,Ac 
composed of all training samples of c classes in SRC, we can split its
associated quotient polytope P into c small local ones, P1 ,P2 ,. . .,Pc ,
which are, respectively, associated with A1 ,A2 ,. . .,Ac , where Ai is the
matrix composed of the training samples of Class i, i ¼ 1,. . .,c.
If every Pi is k-neighborly, for a given testing sample y, the
L1-optimizer can recover the local sparsest solution wi from the
L0–L1 Equivalence. That is, L1-optimizer can achieve the sparsity
locally. Based on the set of c local sparsest solutions w1 ,w2 ,. . .,wc ,
we can get the global L1-optimal solution w1 ¼ argmin :wi :1 , which
i
is not necessarily the global sparest solution w0 ¼ argmin :wi :0 , but
i
the sparse one which yields the set of support training samples
closest to the given test sample. That is, L1-optimizer can achieve the
closeness globally.
Looking back at the numerical classiﬁcation example in
Section 3, the quotient polytope P associated with the dictionary
A ¼ ½Y1 ,. . .,YM1 ,X1 ,. . .,XM2  is not k-neighborly (k¼2 here). The
reason is that the representation of the given sample point of
‘‘8’’, Y, is not unique. Thus, Y must be interior point of the quotient
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^ 1 from Eq. (4), where
polytope P from Lemma 1. Note that Y¼ Aw
^ 1 is on a face of the cross-polytope C. However, the
the point w
^ 1 , Y, is not on a face of the quotient polytope P.
image of w
From Lemma 2, we know that A is not k-neighborly (k¼2). Let us
divide P into two parts, P1 and P2, which are quotient polytopes
corresponding to A1 ¼ ½Y1 ,. . .,YM1  and A2 ¼ ½X1 ,. . .,XM2 , respectively. If P1 and P2 are both k-neighborly, we can use L1-optimizer
^ 1 and w
^ 0 for A1 and A2.
to recover the local sparsest solutions w
^ 1 , which is the solution yielding
Then, the global L1-solution is w
the closest support training samples to Y, but not the global
^ 0.
sparsest solution w
In summary, the phenomenon of local neighborliness may
commonly occur in pattern recognition problems. In such a case,
locally, L1-optimizer achieves the same solution with L0-optimizer, but globally, the solution of L1-optimizer might not be that of
L0-optimizer. L1-optimizer achieves sparsity locally and closeness
globally. The local sparsity implies that the global L1-solution is a
local sparse solution but not necessarily the globally sparsest. The
global closeness means that the global L1-solution is a solution
most meaningful for classiﬁcation.

to represent y leads to the minimal representation coefﬁcients in
the sense of L1-norm (i.e., :w:1 ). If PI is k-neighborly, this
representation is the sparest. Based on the analysis in Section 4,
we know that :w:1 is actually the L1-distance from y to the
centroid of all vertices of the face. Therefore :w:1 determines a
geometric distance from y to the class. Based on the sample-toclass distances, we can classify the sample to the closest class
(i.e., the class with minimal distance). The above geometric
interpretation supports class training samples based representation from the closeness point of view.
Third, when the training sample size is very large, the Global
L1-optimizer classiﬁer (GL1C) encounters a large-scale L1 optimization problem. The Class L1-optimizer classiﬁer (CL1C) means
that we can solve the problem instead by dividing the large-scale
problem into c (the number of classes) relative small-scale
problems. Therefore, CL1C has the advantage of dealing with
large-scale problems over GL1C from the computational point
of view.

5.2.3. Achieving closeness still beyond neighborliness
In real world pattern recognition problems, however, we
cannot even guarantee the local neighborliness. Speciﬁcally, we
cannot ensure each local quotient polytope P associated with
class training sample matrix Ai to be k-neighborly. Further, even if
local neighborliness can be guaranteed, the sparsity level k is strictly
limited. Corollary 1 shows the upper bound of k is [(dþ1)/3] for
neighborliness. This means that for a solution of L0 problem with
more than [(dþ1)/3] nonzeros, L1-optimizer may fail to recover this
solution.
This above fact is somewhat disappointing, from the viewpoint
of sparsity recovery. However, from the viewpoint of classiﬁcation, this limitation of L1-optimizer is insigniﬁcant. The L1 solution
is classiﬁcation meaningful, even if it is not as sparse as expected.
This classiﬁcation meaningfulness is due to the closeness, an
inherent characteristic of the solution, i.e., searching for supporting training samples which are closest to the given test sample in
the sense of L1-norm.

Assume there are enough training samples per class (i.e.,
Assumption 1 holds) and Ai is the matrix formed by the training
samples of Class i. For a given testing sample y, we use the
training samples of Class i to represent it and obtain the
representation coefﬁcients by solving the following problem:

6. Class L1-optimizer classiﬁer
6.1. Justiﬁcations for local class based classiﬁcation
Wright et al.’s SRC method represents a testing sample across
all training samples, thus can be called Global L1-optimizer
classiﬁer. Here, we will present two local class L1-optimizer
classiﬁers, which represent a testing sample by training samples
belonging to every class. Three justiﬁcations for supporting the
class training samples based representation are given below.
First, based on the analysis in Section 5.2, we know that the
training sample matrix A associated quotient polytope P is more
likely to be locally k-neighborly. Speciﬁcally, the class training
sample matrix AI associated class quotient polytope PI is more likely
to be k-neighborly because its columns are sampled from one
class thus they are apt to be independent and identicallydistributed random vectors. The local neighborliness supports
class training samples based representation from the sparsity
point of view.
Second, the geometric meaning becomes clearer if the class
training samples based representation is adopted. Obviously, the
training samples of a class lie on the associated class quotient
polytope PI. For a given testing sample y, ﬁnding the support
training samples of the class to represent it is geometrically
equivalent to ﬁnding a face of PI such that using its all vertices

6.2. Class L1-optimizer classiﬁer with the closeness rule

ðL1 Þ wi ¼ argmin:w:1 , subject to Ai w ¼ y:

ð14Þ
1

After getting all representation coefﬁcient vectors w ,. . .,wc
corresponding to all classes, we use the closeness (i.e., the L1-norm
of the representation coefﬁcients) as a criterion to yield a decision
rule: if wl ¼ min :wi :1 , then y belongs to Class l. This is the original
i
version of the closeness rule based Class L1-optimizer classiﬁer
(C-CL1C).
We now use the geometric interpretation given in Section 4 to
further reﬁne the original C-CL1C. To this end, we enforce the
sum-to-one constraint 1Tw ¼1 to the L1-optimizer in Eq. (14) and
have the constrained L1-optimizer
ðConstrained L1 Þ wi ¼ argmin:w:1 , subject to Ai w ¼ y,

ð15Þ

where
 
 
A
y
A¼
,
T , y¼
1
1
by solving the problem, we obtain the representation coefﬁcient
vector wi and the corresponding support training samples of Class
i. Without loss of generality, assume that xi1 ,xi2 ,. . .,xiK are support
training samples. We use the mean of these support training
PK
samples, xi ¼ 1=K
j ¼ 1 xij , as the origin to center the data locally
and then use xi1 xi ,. . .,xiK xi as axes to form the local coordinate
system. To make the coordinate of a point meaningful, we need to
normalize the axes to be unitary vectors. Note that the representation coefﬁcient vector wi is calculated based on the original axes
xi1 xi ,. . .,xiK xi . So, the normalized representation coefﬁcient
vector wi based on the normalized axes is
wi ¼ ½wi1 :xi1 xi :,. . .,wiK :ðxiK xi Þ:, 0,. . .,0T ,
i

ð16Þ

:w :1 is geometrically the L1-distance from y to the origin in the
local coordinate system of Class i. This distance leads to a
classiﬁcation rule: if wl ¼ min :wi :1 , then y belongs to Class l.
i
We call this the normalized closeness rule based class L1-optimizer
classiﬁer (NC-CL1C).
We ﬁnally provide the geometric interpretation for the decision rule of NC-CL1C. For every class quotient polytope, we seek a
face of it on which the test sample y may lie, noticing that the
vertices of the face are determined by the solution of Eq. (15).
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Then, to determine which polytope the test sample belongs to,
we compare the L1 distances from the test sample to the centroids
of the faces of class polytopes, i.e., the magnitude of :wi :1 . We
know that a face of a class polytope is a convex hull of its vertices.
The smaller :wi :1 is, the larger possibility the test sample belongs
to the convex hull (face) of the class polytope.
6.3. Class L1-optimizer classiﬁer with the Lasso rule
From the geometric interpretation, we know C-CL1C (or NC-CL1C)
restrict the testing sample to lie on faces of the class polytopes, as
shown in Fig. 2. This restriction is generally too strict and even
infeasible when there are not enough training sample per class. Here
we remove this restriction and allow the testing sample point not on
faces of the class polytopes, as shown in Fig. 4. We seek the face of a
class polytope that is nearest to the given testing sample. This
nearness between a testing sample and a face can be measured by
two criterions. One is the residual criterion, which characterizes the
distance between the test sample point and its image (reconstruction point) on the face, and the other is the closeness criterion
(L1-norm of the reconstruction coefﬁcients), which characterizes the
distance between the image of the test sample point and the
centroid of the face. These two criterions can be integrated into
the Lasso criterion [12] as follows:
2

ðLassoÞ wi ¼ arg min LðwÞ ¼ :Ai wy:2 þ l:w:1 ,

ð17Þ

where l is a non-negative parameter. Obviously, if we restrict the
testing sample to lie on faces of the class polytopes, i.e., Aiw¼y, the
Lasso criterion becomes the closeness criterion.
Solving the Lasso and obtaining the representation coefﬁcient
vector wi corresponding to Class i, i ¼ 1,. . .,c, we use the Lasso
function L(w) as a measure to yield the decision rule: if Lðwl Þ ¼
min Lðwi Þ, then y belongs to Class l. This forms the original version
i
of the Lasso rule based Class L1-optimizer classiﬁer (L-CL1C).
Now, we consider how to reﬁne the Lasso rule and embed the
sum-to-one constraint 1Tw ¼1 to it. Let


 
A
y
A¼
,
T , y¼
a1
a
where a 40. The constrained Lasso criterion is deﬁned by
2

ðConstrained LassoÞ wi ¼ arg min:Ai wy:2 þ l:w:1 :
2
:Ai wy:2

2
¼ :Ai wy:2 þ

ð18Þ

2
2
:1T w1:2 ,

a
if we set a large
Since
enough, the solution of the constrained Lasso naturally satisﬁes
1Tw¼ 1. Based on the solution of Eq. (18) and the determined support
training samples, we further obtain the normalized representation
coefﬁcient vector wi , as shown in Eq. (16). Then, the normalized Lasso
distance is deﬁned by
2

Lðwi Þ ¼ :Ai wi y:2 þ l:wi :1 :

ð19Þ

The geometric meaning of the normalized Lasso distance is
shown in Fig. 4.
The normalized Lasso distance leads to a decision rule: if Lðwl Þ ¼
min Lðwi Þ, then y belongs to Class l. We call this the normalized Lasso
i
rule based class L1-optimizer classiﬁer (NL-CL1C).
Finally, we would like to explain why we use the Lasso
criterion in our classiﬁcation model from the regularization point
of view. The Lasso criterion is the sum of two terms: the ﬁrst is the
square reconstruction residual term, and the second term is a L1
regularization term which is introduced to avoid overﬁtting. If the
regularization term is neglected, to minimize the Lasso criterion
leads to a standard least-square regression problem. Its solution is
geometrically the distance from the point y to the hyperplane
spanned by the training samples [39]. However, sometimes this
distance is unreliable and leads to misclassiﬁcation. For example,
in the two-class case where there are two training sample points
per class, as shown in Fig. 5, the two points span a line provided
that the sum-to-one constraint is enforced. A test sample x, which
belongs to Class 1, is misclassiﬁed because it is closer to the line
spanned by training samples of Class 2. In such a case, we notice
that the reconstruction weights are very large because the image
of x, x0 , is far away from the centroid of y1 and y2. Adding the
regularization term and minimizing the regularized distance can
pull the image of x closer to the centroid of y1 and y2, and
therefore rectify the distance between the testing sample x and its
image. The rectiﬁed distance gives rise to a correct classiﬁcation.
Here, the role of L1 regularization is twofold. First, it results in
a sparse solution which produces a local characterization for a
given testing sample. This solution determines a small number of
support training samples, which forms a local ‘‘patch’’ of the class
manifold. Particularly when the class training sample matrix Ai
associated quotient polytope Pi is t-neighborly, the local patch
forms a face of the polytope Pi. Second, it helps rectify the
distance between the testing sample and the face spanned by
the support training samples. Actually, the regularization term
itself also provides a meaningful distance between the image of
the testing sample and the centroid of the face. The two distances
are integrated into the Lasso distance, which provides a robust
measure between the testing sample and the class manifold.
It should be mentioned that L2 regularization can also help
rectify the distance between the testing sample and the hyperplane
spanned by the support training samples [35]. But, it cannot give
rise to a local characterization. Speciﬁcally, if we use the L2
regularization term instead in Eq. (17) or (18), the solution of the
model is dense. To obtain a local measure, one may appeal to the
K nearest neighbor searching, which results in a series of local
classiﬁcation methods such as the nearest neighbor line (K¼2) [40],
the nearest neighbor plane (K¼3) [41] and the K-local hyperplane
[35]. However, how to choose the proper parameter K for these
kinds of methods is a difﬁcult problem. Generally we choose
a common K for every class. This is not a good strategy since
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Fig. 4. The geometric meaning of the normalized Lasso distance is the weighted
combination of the two distances: the L2 distance between the test sample point y
and its image y0 on the face of the class polytopes, and the L1 distance between the
image y0 and the centroid of the face.
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Fig. 5. An example where the minimum least-square distance leads to
misclassiﬁcation.
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K represents the local dimension of class manifold which might
be different for different local faces of different class manifold. In
contrast, L1 regularization can automatically determine the local
dimension by counting nonzeros in the solution of Lasso.

7. Experiments
7.1. Experiment on the AR database for gender recognition
The AR face [42] contains over 4000 color face images of 126
people, including frontal views of faces with different facial
expressions, lighting conditions and occlusions. The images of
110 persons including 55 males and 55 females are selected and
used in our experiment. The pictures of each person were taken in
two sessions (separated by two weeks) and each section contains
7 color images without occlusions. The face portion of each image
is manually cropped and then normalized to 50  45 pixels. The
sample images of one male and female are shown in Fig. 6.
In our experiment, images of the ﬁrst 25 males and 25 females
were used for training, and images of the remaining 30 males and 30
females for testing. Since there are 14 images per person, the total
number of training samples is 700 (each class with 350 samples).
We use PCA to reduce the dimension of each image to be D, where D
varies from 10 to 100 with an interval of 10. In the D-dimensional
PCA-transformed space, SRC [21] and the proposed class L1-optimizer classiﬁers (CL1C) including the closeness rule based CL1C
(C-CL1C), the normalized closeness rule based CL1C (NC-CL1C), the
Lasso rule based CL1C (L-CL1C) and the normalized Lasso rule based
CL1C (NL-CL1C) are employed for classiﬁcation. The nearest neighbor
classiﬁer is also used to provide a baseline. Note that here in SRC,
C-CL1C and NC-CL1C, the matlab function ‘‘l1eq_pd’’ from the
l1-magic [43] is used to calculate the sparse representation coefﬁcients. In L-CL1C and NL-CL1C, the matlab function ‘‘l1_ls’’ provided
by Kim et al. [44] is used. The parameter l in Lasso is chosen as 0.05
in L-CL1C and 0.01 in NL-CL1C. The recognition rate curve of each
classiﬁer versus the variation of dimensions is shown in Fig. 7. The
maximal recognition rate of each classiﬁer and the corresponding
dimension are listed in Table 1.
From Fig. 7 and Table 1, we can see that the proposed class
L1-optimizer classiﬁers, C-CL1C and L-CL1C, improve the performance
of the global SRC. The normalized class L1-optimizer classiﬁers
NC-CL1C and NL-CL1C can further improve the performance. The
two classiﬁers consistently outperform the NN classiﬁer and SRC,
irrespective of the variation of dimensions. SRC does not perform
well on this database, even worse than the NN classiﬁer. In addition,
we notice that the Lasso rule based class L1-optimizer classiﬁer
L-CL1C improve the performance of the closeness rule based class
L1-optimizer classiﬁer C-CL1C. However, their performance difference
becomes insigniﬁcant after normalization: NC-CL1C achieve comparable results with NL-CL1C in this experiment.

7.2. Experiment on the CENPARMI database for handwritten
numeral recognition
The experiment was done on Concordia University CENPARMI
handwritten numeral database. The database contains 6000
samples of 10 numeral classes (each class has 600 samples).
Some samples of ‘‘0’’ from the CENPARMI database are shown
in Fig. 8.
In our ﬁrst experiment, we choose the ﬁrst 200 samples of
each class for training, the remaining 400 samples for testing.
Thus, the total number of training samples is 2000 while the total
number of testing samples is 4000. PCA is used to transform
the original 121-dimensional Legendre moment features [45] into
D-dimensional features, where D varies from 10 to 80 with an
interval of 10. Based on the PCA-transformed features, the nearest
neighbor classiﬁer, SRC, C-CL1C, NC-CL1C, L-CL1C and NL-CL1C are
employed for classiﬁcation. The parameter l is chosen as 0.01 in
L-CL1C and NL-CL1C. The recognition rate each classiﬁer corresponding to the variation of dimensions is shown in Fig. 9.
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Fig. 7. The recognition rate of each classiﬁer for gender recognition on the AR
database versus the variation of dimensions.

Table 1
The maximal recognition rates (%) of each classiﬁer for gender recognition on the
AR database and the corresponding dimensions.
Classiﬁer

NN

SRC

C-CL1C

NC-CL1C

L-CL1C

NL-CL1C

Recognition rate
Dimension

86.1
10

83.0
60

86.1
80

93.1
50

89.3
80

93.1
80

Fig. 6. Samples images of one male and female in the AR database.
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Fig. 9 shows that the Lasso rule based class L1-optimizer
classiﬁers (L-CL1C and NL-CL1C) consistently outperform the
closeness rule based class L1-optimizer classiﬁers (C-CL1C and
NC-CL1C) and SRC, irrespective of the variation of dimensions.
This means that removing the restriction of the testing sample
point on faces of the class manifold helps improve the classiﬁcation performance. All of the ﬁve classiﬁers achieve (or nearly
achieve) their maximal performance when the dimension reaches
50. As the dimension becomes larger, the performance of C-CL1C,
NC-CL1C and SRC begins to decline, while the performance of
L-CL1C and NL-CL1C keeps invariant or slightly increasing. This
implies that the Lasso rule based class L1-optimizer classiﬁers are

Fig. 8. Some samples in CENPARMI database.
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Fig. 9. The recognition rate of each classiﬁer for handwritten numeral recognition
on the CENPARMI database versus the variation of dimensions.
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more robust to dimensional variations than the closeness rule
based class L1-optimizer classiﬁers and SRC.
The recognition rate of each classiﬁer as the dimension is 50 and
the corresponding total CPU time (CPU: 2.33 GHz, RAM: 2.48 GB) are
listed in Table 2. Table 2 shows that NC-CL1C achieves comparable
results with SRC, but the former is much faster than the later. The
total CPU time of NC-CL1C is only 1/7 of that of SRC, noticing that
both classiﬁers use the same Matlab function (i.e., ‘‘l1eq_pd’’ from
the l1-magic [43]) to calculate the sparse representation coefﬁcients.
To provide more insights into the Lasso rule based class
L1-optimizer classiﬁers, we would like to observe the representation
coefﬁcient vector of each testing sample with respect to each class.
We calculate the number of nonzeros in the representation coefﬁcient vector. Note that here the representation coefﬁcient bigger than
10  3 is thought of as nonzero. The number of nonzeros represents
the local dimension of the class manifold. The mean and standard
deviation of the number of nonzeros corresponding to all testing
samples across all classes are calculated and listed in Table 3. In
addition, the means and standard deviations of the number of
nonzeros corresponding to all testing samples via homo-class sample
representation and hetero-class sample representation are respectively calculated and listed in Table 3. Table 3 shows us that the
nonzero representation coefﬁcients are quite different for different
testing samples and different classes. In general, the homo-class
representation of a testing sample yields much less nonzero representation coefﬁcients than the hetero-class representation in the
average sense. From classiﬁcation point of view, for a given testing
sample and a class, we ﬁnd a local face of the class manifold that is
closest to the sample. The dimension of the local face is generally
different for different testing samples. The Lasso criterion, due to its
L1 regularization term, provides a mechanism to evaluate the local
dimension adaptively.
The K-local hyperplane classiﬁer [35] uses the L2 regularization
rather than the L1 regularization. It does not have the ability to
evaluate the local dimension K of the class manifold automatically. To address this problem, we generally assume local dimension is identical and determine a proper K by experiments. This
K is obviously not theoretically optimal. Fig. 10 shows the
recognition rate curse of the K-local hyperplane classiﬁer with
the variation of the parameter K. The maximal recognition rate is
95.1%. This result indicates that the K-local hyperplane classiﬁer is
effective, but not as good as the Lasso rule based classiﬁers L-CL1C
and NL-CL1C. This is understandable since a common K for all
testing samples and all classes is suboptimal. In addition, we ﬁnd
that when K ¼31, the K-local hyperplane classiﬁer achieves a
recognition rate of 94.9%, which is very close to the maximal
recognition rate. Notice that 31 is the approximate local dimension estimated by the average number of nonzeros in the solution
of Lasso (as shown in Table 3).

Table 3
The mean and standard deviation (std) of the number of nonzero representation
coefﬁcients.
Homo-class

Hetero-class

All

19.7568 75.5557

32.29197 8.2891

31.03847 8.8919

Table 2
The recognition rates (%) of each classiﬁer for handwritten numeral recognition on the CENPARMI database and the corresponding total CPU time.
Classiﬁer

NN

SRC

C-CL1C

NC-CL1C

L-CL1C

NL-CL1C

Recognition rate
CPU time (s)

88.3
8.92  101

93.0
7.38  103

92.4
1.05  103

93.1
1.03  103

96.2
4.29  103

96.0
5.60  103
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Finally, we let the number of training samples per class vary
from 100 to 500 with an interval of 100, and use the remaining
samples for test in the experiment. The recognition rate and the
average CPU time (s) consumed for one test sample of each classiﬁer
is illustrated in Fig. 11. Fig. 11(a) shows that the Lasso rule based
class L1-optimizer classiﬁers (L-CL1C or NL-CL1C) achieve best
recognition rate among all methods, irrespective of the variation
of training sample size. NC-CL1C consistently outperforms C-CL1C,
which implies that normalization does help improve the performance of the closeness rule based classiﬁer. NC-CL1C achieves very
close results to those of SRC when the number of training samples
per class is over 200. However, when the number of training
samples per class is not enough, NC-CL1C and C-CL1C do not perform
well. For instance, when the class training sample size is 100, as
shown in Fig. 11, both methods achieve lower recognition rate
than SRC.

0.96
0.95
0.94

Recognition rate

0.93
0.92
0.91
0.9
0.89
0.88
0.87
K-local hyperplane Classifier
0.86
5

10

15

20

25

30

35

40

45

50

Local Parameter: K

Fig. 10. The recognition rate curve of the K-local hyperplane classiﬁer versus the
variation of K-neighbor parameter K.

Fig. 11(b) shows that the closeness rule based classiﬁers
(C-CL1C and NC-CL1C) are the fastest among all classiﬁers. The
CPU time difference between SRC and all CL1C classiﬁers (including
C-CL1C, NC-CL1C, L-CL1C and NL-CL1C) become more and more
signiﬁcant with the increase of training sample size. SRC and
C-CL1C (or NC-CL1C) both use the same matlab function ‘‘l1eq_pd’’
from the l1-magic [43] to calculate the sparse representation
coefﬁcients. This means that the local class L1-optimizer classiﬁers
have computational advantage over the global L1-optimizer
classiﬁer SRC.
7.3. Experiment on the NUST603 database for handwritten Chinese
character recognition
The experiment was performed on the NUST603 handwritten
Chinese character database which was built in Nanjing University
of Science and Technology. The database contains 19 groups of
Chinese characters that are collected from bank checks, each
group with 400 samples. Some images from the NUST603HW
database are shown in Fig. 12.
In our experiment, we let the number of training samples per
class vary from 100 to 300 with an interval of 50, and use the
remaining samples for test. Similar to the experimental methodology adopted in Section 7.2, PCA is used to transform the original
128-dimensionl peripheral feature vectors [46] into 50-dimensional
features. Based on the PCA-transformed features, the nearest
neighbor classiﬁer, SRC, C-CL1C, NC-CL1C, L-CL1C and NL-CL1C are
employed for classiﬁcation. The parameter l is chosen as 0.05 in
L-CL1C and NL-CL1C. The recognition rate and the average CPU time
curves of each classiﬁer are illustrated in Fig. 13.
It is evident that here we achieve consistent results with the
last experiment in Section 7.2. The Lasso rule, which combines the
residual criterion and the closeness criterion, demonstrates its
advantage again. L-CL1C and NL-CL1C consistently outperforms other
classiﬁers, irrespective of the variation of training sample size.
NC-CL1C achieves similar (or better) results as SRC when the number
of training samples per class is over 150, but as the number of
training samples per class is 100, SRC performs better. This result
shows again that NC-CL1C need enough training samples to guarantee
its performance. The local class L1-optimizer classiﬁers, including

1
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Fig. 11. Performance and speed comparison on the CENPARMI database. (a) The recognition rate of each method corresponds to the number of class training samples that
varies from 100 to 500 with an interval of 100; (b) the average CPU time consumed for one test sample (s) corresponds to the number of class training samples that varies
from 100 to 500 with an interval of 100.
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Fig. 12. Some samples in NUST603HW database.
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Fig. 13. Performance and speed comparison on the NUST603 database. (a) The recognition rate of each method corresponds to the number of class training samples that
varies from 100 to 300 with an interval of 50; (b) the average CPU time consumed for one test sample (s) corresponds to the number of class training samples that varies
from 100 to 300 with an interval of 50.

Fig. 14. Samples of a person under different illuminations in the extended Yale B face database.

C-CL1C, NC-CL1C, L-CL1C and NL-CL1C, still have their speed advantage
over the global L1-optimizer classiﬁer SRC. This advantage becomes
more and more evident with the increase of the training sample size.
C-CL1C (or NC-CL1C) is always faster than L-CL1C (or NL-CL1C),
because the algorithm used by the former [43] is computationally
more efﬁcient than the one used by the latter [44].
7.4. Experiment on the Extended Yale B database for face recognition
The Extended Yale B face database [47,48] contains 38 human
subjects under 9 poses and 64 illumination conditions. The 64
images of a subject in a particular pose are acquired at camera

frame rate of 30 frames/s, so there is only small change in head
pose and facial expression for those 64 images. All frontal-face
images marked with P00 are used in our experiment, and each is
resized to 42  48 pixels. Some sample images of one person are
shown in Fig. 14.
In the ﬁrst experiment, we use histogram equalization as a
preprocessing step to alleviate the effect of illuminations on
images. The ﬁrst 32 images of each subject are used for training,
and the remaining for test. PCA (Eigenfaces [49]), LDA (Fisherfaces
[50]) and LPP (Laplacianfaces [51]) are used to extract 100-dimensional features. To avoid overﬁtting, we perform LDA and LPP in
the 200-dimensional PCA-transformed space. Finally, the nearest
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Table 4
The recognition rates (%) of three classiﬁers with respect to three feature
extraction methods for face recognition on the Extended Yale B database with
histogram equalization.
Classiﬁer

NN

SRC

L-CL1C

NL-CL1C

PCA
LDA
LPP

95.9
98.9
96.4

98.4
98.8
98.7

98.4
99.0
98.4

98.5
99.0
98.5

Table 5
The recognition rates (%) of three classiﬁers with respect to three feature
extraction methods for face recognition on the Extended Yale B database without
histogram equalization.
Classiﬁer

NN

SRC

L-CL1C

NL-CL1C

PCA
LDA
LPP

85.8
95.9
89.8

94.7
94.3
94.2

95.1
95.0
94.1

95.1
94.8
94.1

Table 6
The recognition rates (%) of three classiﬁers with respect to three feature
extraction methods for face recognition on the PIE database.
Classiﬁer

NN

SRC

L-CL1C

NL-CL1C

PCA
LDA
LPP

83.6
98.3
77.9

96.1
99.3
97.4

98.0
99.1
97.3

97.9
99.1
97.4

basically consistent with those in Table 5. We can see that the
proposed classiﬁers L-CL1C and NL-CL1C achieve comparable results
with SRC. The performance of the NN classiﬁer highly depends on
what feature extraction method is used. Its recognition rate is
almost 20% lower than those of the other classiﬁers with respect
to LPP. In contrast, the performance of all L1-optimizer Classiﬁers is
much more robust to the change of feature extraction methods.

8. Conclusions and discussions

neighbor classiﬁer, SRC, L-CL1C and NL-CL1C are employed for
classiﬁcation. The parameter l is chosen as 0.01 in L-CL1C and
NL-CL1C. Note that the closeness rule based class L1-optimizer
classiﬁers C-CL1C and NC-CL1C are inapplicable here because the
number of training samples per class is too small, in contrast to the
dimension of feature vectors. The recognition rate of each classiﬁer
for three feature extraction methods are listed in Table 4. Table 4
shows that the proposed classiﬁers L-CL1C and NL-CL1C achieve
similar recognition results with SRC for face recognition. But, the
former ones are more than 5 times faster than the latter.
In the second experiment, we remove the histogram equalization step and just normalize image vectors to be unit vectors in
preprocessing. Obviously, in this case, the face recognition problem becomes more challenging. We use the same experimental
procedure as above to test the four classiﬁers for three feature
extraction methods. The results are shown in Table 5. We can see
that the performance of the NN classiﬁer highly depends on what
feature extraction method is used. It performs much worse than
the other classiﬁers with respect to unsupervised feature extraction methods, such as PCA and LPP. Conversely, all L1-optimizer
classiﬁers, L-CL1C, NL-CL1C and SRC, are insensitive to feature
extraction methods adopted.
7.5. Experiment using the PIE database for face recognition
The CMU PIE face database contains 68 subjects with over
40,000 face images [52]. Images of each person were taken across
13 different poses, under 43 different illumination conditions, and
with 4 different expressions. Here we use a subset containing
images of pose C05 (a nearly frontal pose) of 68 persons, each
with 49 images. All images are manually aligned, cropped and
resized to be 64  64 pixels [53] in our experiment.
Here, we only preprocess each image by normalizing image
vectors to be unit vectors. The ﬁrst 25 images of each subject are
used for training, and the remaining for test. We use PCA, LDA and
LPP for feature extraction and obtain 150 features for face representation. To avoid overﬁtting, we perform LDA and LPP in the
200-dimensional PCA-transformed space. The nearest neighbor
classiﬁer, SRC, L-CL1C and NL-CL1C are employed for classiﬁcation.
The parameter l in L-CL1C and NL-CL1C is chosen as 0.05. The
recognition rate of four classiﬁers corresponding to three feature
extraction methods are listed in Table 6. The results in Table 6 are

We provide an insight into SRC and re-recognize the role of
L1-optimizer: using L1-optimizer instead of L0-optimizer is central for
pattern classiﬁcation. L1-optimizer kills two birds with one stone:
achieving sparsity2 and closeness simultaneously in (global or local)
neighborliness cases. Sparsity determines a small number support
training samples to represent a given test sample, while closeness
makes the nonzero representation coefﬁcients concentrate on the
homo-class training samples. Sparsity beneﬁts for local reconstruction, while closeness helps for global similarity. By combining sparsity
and closeness together, the solution of L1-optimizer yields a geometrically meaningful measure for classiﬁcation.
We propose two kinds of class L1-optimizer classiﬁers (CL1C),
the closeness rule based ones (C-CL1C and NC-CL1C) and the Lasso
rule based ones (L-CL1C and NL-CL1C). The former can be viewed
as a special case of the latter. If the number of training sample size
per class is large enough, NC-CL1C achieve similar (or even better)
performance as SRC but with much lower computational cost. So,
in this case, if one cares more about the classiﬁcation speed, we
recommend using NC-CL1C since it is the fastest L1-optimizer
classiﬁer. However, in most real world pattern recognition problems, there is only limited number of training samples available,
as shown in our experiments. In such general cases, we recommend using NL-CL1C due to its robust performance, as demonstrated across all of our experiments. Besides, its speed is also
acceptable; it is signiﬁcantly faster than SRC when the number of
training samples is relatively large.
Finally, we would like to specify some distinctions and connections between our work and Wright and Ma’s work [31]. Our
work focuses on the basic SRC with the standard L1-optimizer
model as shown in Eq. (2), while Wright’s work [31] focuses on
the general SRC with the extended L1-optimizer model as follows:
^ ¼ arg min:w:1 þ :e:1 , subject to Awþe¼y. Our work is to
^ e
½w,
provide reasonable supports for L1-optimizer based classiﬁer: its
discriminative power can be guaranteed, even if the L1-solution
could be denser than L0-solution, whereas Wright’s work is to
provide theoretical justiﬁcations for error correction ability of the
extended L1-optimizer: it can work well, even if the error vector e
is nearly dense. There is one thing in common in both works:
sparsity is not a necessary condition any more: both weight
vector and error vector could be dense to some degree.
2
Note that the solution of L1-optimizer is sparse but not necessarily the
sparest solution of L0-optimizer in local neighborliness case.

J. Yang et al. / Pattern Recognition 45 (2012) 1104–1118

Acknowledgments
The authors would like to thank the anonymous reviewers for
their critical and constructive comments and suggestions. This
work was partially supported by the Program for New Century
Excellent Talents in University of China, the NUST Outstanding
Scholar Supporting Program, the National Science Foundation of
China under Grant nos. 60973098 and 90820306, National
Science Fund for Distinguished Young Scholars, and the Hong
Kong RGC General Research Fund.

Appendix. Proof of Lemma 3

Proof. If Spark(A)r2k  1, there exists a subset of 2k columns
from A which is linearly dependent. Without loss of generality,
suppose that a1 ,a2 ,. . .,a2k are linearly dependent. Then, there
exists a set of scalars t1 ,t2 ,. . .,t2k , not all zero, such that
t1 a1 þt2 a2 þ    þ tk ak þtk þ 1 ak þ 1 þ    þt2k a2k ¼ 0
Let y ¼ t1 a1 þt2 a2 þ    þ tk ak ¼ Aw1 . It is obvious that y can be
expressed alternatively by y ¼ ðtk þ 1 Þak þ 1 þ    þ ðtd Þa2k ¼ Aw2 .
Without loss of generality, we assume that the problem is
scaled so that :w1 :1 ¼ 1 and :w2 :1 ¼ 1. Letting :w1 :0 ¼ l1 and
:w2 :0 ¼ l2 , it is evident that l1 rk and l2 rk. Thus, w1 and w2 are
on faces of the cross-polytope C. However, y¼Aw1 ¼Aw2 are not
on faces of the quotient polytope P from Lemma 1, since the
representation is not unique. Actually, y is an interior point of P.
From Lemma 2, it derives that P is not k-neighborly.
Therefore, if P is k-neighborly, Spark(A) Z2k must hold. &
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