Pattern Recognition 39 (2006) 1026 – 1033
www.elsevier.com/locate/patcog

A fast kernel-based nonlinear discriminant analysis
for multi-class problems
Yong Xua, b , David Zhangc,∗ , Zhong Jinb , Miao Lia , Jing-Yu Yangb
a Bio-Computing Research Center and Shenzhen graduate school, Harbin Institute of Technology, Shenzhen, China
b Department of Computer Science & Technology, Nanjing University of Science & Technology, Nanjing, China
c The Biometrics Research Center and Department of Computing, Hong Kong Polytechnic University, Kowloon, Hong Kong

Received 6 January 2004; received in revised form 12 October 2005; accepted 12 October 2005

Abstract
Nonlinear discriminant analysis may be transformed into the form of kernel-based discriminant analysis. Thus, the corresponding
discriminant direction can be solved by linear equations. From the view of feature space, the nonlinear discriminant analysis is still a
linear method, and it is provable that in feature space the method is equivalent to Fisher discriminant analysis. We consider that one linear
combination of parts of training samples, called “signiﬁcant nodes”, can replace the total training samples to express the corresponding
discriminant vector in feature space to some extent. In this paper, an efﬁcient algorithm is proposed to determine “signiﬁcant nodes” one
by one. The principle of determining “signiﬁcant nodes” is simple and reasonable, and the consequent algorithm can be carried out with
acceptable computation cost. Depending on the kernel functions between test samples and all “signiﬁcant nodes”, classiﬁcation can be
implemented. The proposed method is called fast kernel-based nonlinear method (FKNM). It is noticeable that the number of “signiﬁcant
nodes” may be much smaller than that of the total training samples. As a result, for two-class classiﬁcation problems, the FKNM will
be much more efﬁcient than the naive kernel-based nonlinear method (NKNM). The FKNM can be also applied to multi-class via two
approaches: one-against-the-rest and one-against-one. Although there is a view that one-against-one is superior to one-against-the-rest in
classiﬁcation efﬁciency, it seems that for the FKNM one-against-the-rest is more efﬁcient than one-against-one. Experiments on benchmark
and real datasets illustrate that, for two-class and multi-class classiﬁcations, the FKNM is effective, feasible and much efﬁcient.
䉷 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
Keywords: Fisher discriminant analysis; Kernel-based nonlinear discriminant analysis; Fast kernel-based nonlinear method; Pattern recognition; Face
recognition; Feature extraction

1. Introduction
In the area of pattern recognition, kernel-based methods,
e.g. kernel regression, kernel PCA and kernel Fisher discriminant analysis, have attracted much attention [1–10]. A
number of applications of these methods are available. Generally, given an input space, a kernel-based method accomplishes its algorithm in a novel space (feature space) derived
from the input space. Note that it does not need to actualize
details of the corresponding transform by virtue of kernel
functions. Thus, compared to ordinary nonlinear methods,
∗ Corresponding author. Tel.: +852 2766 7271; fax: +852 2774 0842.

E-mail address: csdzhang@comp.polyu.edu.hk (D. Zhang).

kernel-based methods incur lower computational cost. However, when the naive kernel-based methods classify one test
sample, all the kernel functions between all training samples
and the test sample should be calculated in advance [1,2].
As a result, the efﬁciency of the methods declines while the
number of the training samples increases. They will probably be very inefﬁcient and even unfeasible for classiﬁcation
problems with a great number of training samples.
Obviously, it is signiﬁcant to accelerate the classiﬁcation
process of the kernel-based methods. In practice some artiﬁces have been proposed with the purpose of speeding up the
methods [5,9,11]. The orthogonal least-squares algorithm [5]
was adopted to improve kernel nonlinear discriminant analysis in classiﬁcation efﬁciency. According to the algorithm,
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only a small quantity of training samples is exploited to
classify test samples and the classiﬁcation process is much
more efﬁcient. Suppose l1 and l2 are the numbers of samples in two classes, respectively. l/ l1 and −l/ l2 are taken
as class labels of the two categories, respectively, by the algorithm. l is the total number of the samples. It is proved
that, with class labels l/ l1 and −l/ l2 , the (kernel) nonlinear discriminant analysis is directly related to the (kernel)
Fisher discriminant analysis [5], a widely used discriminant
analysis method [6,12,13,22]. However, without any regularization term, the orthogonal least-squares algorithm may
lead to overﬁtting. The sparse kernel [11] is another method
that is capable of classifying test samples efﬁciently. It is noticeable that the methods in Refs. [5,11] are only designed
for two-class problems. Nevertheless, large quantities of
multi-class classiﬁcations are needed in practice. So, it is
also signiﬁcant to accelerate the classiﬁcation process of the
multi-class kernel discriminant analysis. For support vector
machine method, another kind of kernel method, many efforts have also been made to achieve more efﬁcient algorithms [14,15].
In this paper, class labels of two categories are set as 1 and
−1, respectively. It is proved that, from the view of feature
space, the nonlinear discriminant analysis will be still equivalent to the Fisher discriminant analysis. After the nonlinear
discriminant analysis is transformed into the form of a kernel method, an efﬁcient and effective algorithm of selecting
“signiﬁcant” training samples is developed. Based on the
algorithm, we can implement two-class classiﬁcations very
efﬁciently. Moreover, the corresponding algorithm will generalize well with a regularization term. The method is called
fast kernel-based nonlinear method (FKNM). In addition,
two approaches, one-against-the-rest and one-against-one,
are introduced to extend the FKNM into multi-class problems. If one-against-the-rest is combined into the FKNM,
the method may be called FKNM with one-against-the-rest.
If one-against-one is combined into the FKNM, the method
will be called FKNM with one-against-one. Our experiments
indicate that the FKNM with one-against-the-rest is superior to the FKNM with one-against-one in classiﬁcation efﬁciency, which is distinct from the previous views on oneagainst-the-rest and one-against-one. The rest of the paper is
organized as follows. The kernel-based nonlinear discriminant analysis is introduced in Section 2. Then the two-class
FKNM is proposed in Section 3 and the multi-class FKNM
is discussed in Section 4. Experimental procedures and results are shown in Section 5. Finally a concise conclusion
is presented in Section 6.

while (x1 ), (x2 ), . . . , (xl ) are the samples of the feature
space. In addition, we assume that samples x1 , x2 , . . . , xl1
are in class c1 and samples xl1 +1 , xl1 +2 , . . . , xl come from
class c2 . The number of samples of c1 and that of c2 are l1
and l2 , respectively (l1 + l2 = l). 1 and −1 are regarded as
class labels of class c1 and class c2 , respectively.
To classify samples in space F, we construct the following
formula:
W = B,

(1)

where

W=

⎡

⎤
1
.
B = ⎣ .. ⎦ ,
−1



w0
,
w

Classiﬁcation tasks for two classes, c1 and c2 , are discussed in this section. Suppose that a nonlinear function 
maps an input space into a high dimensional space F (feature
space), and x1 , x2 , . . . , xl are the samples of the input space

⎤
1 (x1 )

⎢ 1 (x2 ) ⎥
⎥.
=⎢
⎦
⎣ ..
.
⎡

1

(2)

(xl )

We call w discriminant vector and call w0 threshold. Here
(xi ) can be regarded as one input, whereas the class label
of xi , 1 or −1, can be taken as corresponding output. If
we deem it the base of classiﬁcation to ﬁnd the relation
between one input and the corresponding output, Eq. (1)
will play the role of achieving the relation. That is, Eq. (1)
is devoted to ﬁnding W that connects the inputs and outputs
well. If an input is transformed into a value very near to the
corresponding output (1 or −1) by W, W will be qualiﬁed.
In this sense, the least-squares solution of Eq. (1) is the
optimal solution for classiﬁcation. Obviously the solution
can be determined by Eq. (3).
 W =  B.

(3)

Further more, the following equations can be derived from
Eq. (3)

l1 m1



l



(l1 m1 + l2 m2 )


+ l 2 m2

i=1,...,l





(xi )(xi )

w0
w




l1 − l2
=

 .
l1 m1 − l2 m2


(4)


In the feature space the within-class scatter matrix Sw can be



evaluated by Sw = i=1,2 x∈ci ((x) − mi )((x) − mi ) ,




where m1 and m2 are the means of class c1 and class c2 ,
respectively. It is derivable that








i=1,...,l (xi )(xi )





=Sw +

l1 m1 (m1 ) + l2 m2 (m2 ) . Substituting it into Eq. (4) yields










lS w w + l1 l2 (m1 − m2 )[(m1 ) w − (m2 ) w]
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= 2l1 l2 (m1 − m2 ),


(5)


where (m1 ) w and (m2 ) w are two scalars. According to
Eq. (5), the least-squares solution of Eq. (1) may be formulated by






w = a(Sw )−1 (m1 − m2 ),

(6)
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w0 =

1


l1 − l2 − (l1 m1 + l2 m2 ) w ,
l

(7)

where a is also a scalar. Note that, in the feature space, the


Fisher discriminant vector is just in the form of (Sw )−1 (m1 −


m2 ). Therefore, as a vector, the discriminant vector w is
not different from the Fisher discriminant vector. That is,
in the feature space, the discriminant analysis based on
Eq. (1) is still consistent with the Fisher discriminant analysis. Another outstanding advantage of model Eq. (1) is that
the subsequent classiﬁcation will be very simple. The classiﬁcation rule is as follows: if w0 + (x) w > 0, then x ∈ c1 ;
otherwise x ∈ c2 .
According to the theory of reproducing kernels [6], w can
be expanded in terms of
w=

l


i (xi ).

(8)

i=1

(9)

(10)

(11)

However, because K is a l by l + 1 matrix, its rank will be
not greater than l. As a consequence, the rank of K  K is less
than or equal to l, although its size is (l+1)×(l+1). So K  K
is ill conditioned. To improve computationally numerical
stability, we work out A by the following formula:
A = (K  K + I )−1 K  B,

(12)

where  is a positive constant and I is the identity matrix.
In fact, Eq. (12) is also the optimal solution to optimization
problem min{obj (A)}, where obj (A) is deﬁned as
obj (A) = A A + (B − KA) (B − KA).

w=

r


li (xi0 ),

r < l,

(14)

where x10 , x20 , . . . , xr0 are the “signiﬁcant nodes” which are
from the training sample set. Consequent kernel-based nonlinear model can be still formulated as
⎡w ⎤
KA = B,

k(xi , xj ) = (xi ) · (xj ) and B is still deﬁned by Eq. (2).
We call A discriminant direction. The least-squares solution
of Eq. (9) is given by
A = (K  K)−1 K  B.

The NKNM depends on all the kernel functions between
all the training samples and one test sample to classify the
test sample. So, the classiﬁcation efﬁciency decreases while
the number of the training samples increases. In order to
make the classiﬁcation process more efﬁcient, we assume
that the discriminant vector in the feature space can be
approximately expressed by parts of the training samples,
called “signiﬁcant nodes”. In other words, we assume that
w can be expanded in terms of

0

where
⎡

⎤
⎡
⎤
1 k(x1 , x1 ) . . . k(x1 , xl )
w0
⎢ 1 ⎥
⎢ 1 k(x2 , x1 ) . . . k(x2 , xl ) ⎥
⎥
⎢
⎥,
A=⎢
..
..
⎣ ... ⎦ ,K = ⎣ ...
⎦
.
.
l
1 k(xl , x1 ) . . . k(xl , xl )

3. Fast kernel-based nonlinear method (FKNM)

i=1

Consequently, Eq. (1) can be transformed into the following
form:
KA = B,

paper, the above discriminant analysis model is called naive
kernel-based nonlinear method (NKNM).

(13)

Taking derivative of obj (A) with respect to A, we have
jobj (A)/jA=2A−2K  (B −KA). Equating the derivative
to zero, we obtain A = (K  K + I )−1 K  B. So, Eq. (12) can
be taken as the solution to min{obj (A)}. A A in obj (A)
can be viewed as a regulation term, which can make the
classiﬁcation algorithm based on A generalize well. In other
words, by virtue of optimization problem min{obj (A)}, we
can ﬁgure out the optimal solution of discriminant direction
that performs and generalizes best in classiﬁcation. In this

⎡

1

⎢1
⎢
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⎢ l1 ⎥
⎥
A=⎢
⎣ .. ⎦ ,
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..
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k(x1 , xr0 )

⎤
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⎥
⎥.
⎥
..
⎦
.
0
k(xl , xr )

(15)

Here B is still deﬁned as Eq. (2). After A is determined, the
projection of test sample x onto the discriminant direction
can be given as follows:
lp (x) = w0 +

r

i=1

li k(x, xi0 ).

(16)

The following principle is proposed to determine
“signiﬁcant nodes”: the number of “signiﬁcant nodes”
should be as small as possible, while the value of
A22 + KA − B22 should be lower than a threshold. The
meaning of the principle can be presented as follows: the
less the number of the “signiﬁcant nodes”, the more efﬁcient
consequent classiﬁcation; the smaller A22 + KA − B22 ,
the better the discriminant direction in performing classiﬁcation with appropriate capability of generalizing. There are
two algorithms, the backward algorithm and the forward
algorithm, to determine “signiﬁcant nodes”. The main idea
of the backward algorithm is that “non-signiﬁcant nodes”
are selected and eliminated one by one and the procedure
does not end until a criterion is satisﬁed. All the remaining
samples, which have not been eliminated yet, are taken as
the “signiﬁcant nodes”. Contrarily, the forward algorithm
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selects “signiﬁcant nodes” one by one and the procedure is
not terminated until one reasonable condition is satisﬁed. It
is notable that, if the number of the training samples is very
large, the backward algorithm will be very time consuming.
In this section, the algorithm of determining “signiﬁcant
nodes” is developed as follows using the idea of the forward
algorithm.
Step 1. Determine the ﬁrst “signiﬁcant node”
For the j th sample xj (j = 1, 2, . . . , l), we construct
the vector, [k(x1 , xj ), k(x2 , xj ), . . . , k(xl , xj )] , and call it
“kernel vector” corresponding to the j th sample. Then, the
matrix K corresponding to xj is
⎡1

k(x1 , xj ) ⎤
⎢ 1 k(x2 , xj ) ⎥
⎢
⎥
K =⎢.
⎥.
..
⎣.
⎦
.
.
1 k(xl , xj
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K  K + I as the following form:
  
Ks−1
[Ks−1 kj ] + I
K  K + I =
kj
 

 k
Ks−1 Ks−1 + Is Ks−1
j
=
,
kj Ks−1
kj kj + 

(19)

where Is is the s × s identity matrix. Let D = K  K+I ,
 K


Ds−1 =Ks−1
s−1 +Is , u = Ks−1 kj ,  = kj kj + , then D
can be rewritten as


Ds−1 u
.
(20)
D=
u

By virtue of the technique of matrix calculus, we obtain
det(D) = ( − u (Ds−1 )−1 u) det(Ds−1 ),

(17)

( − u (Ds−1 )−1 u) · adj(Ds−1 ) −adj(Ds−1 )u
adj(D)=
.
+adj(Ds−1 )uu (Ds−1 )−1
− det(Ds−1 )u (Ds−1 )−1
det(Ds−1 )

A is worked out using Eq. (15) and is denoted by Aj . Rj
is obtained by Rj = [Aj 22 + KAj − B22 ]1/2 . After
every xj has been searched and all the Rj , j = 1, 2, . . . , l,
have been obtained, the sample corresponding to the minimal Rj is selected as the ﬁrst “signiﬁcant node”, denoted by x10 . The minimal Rj is denoted by R (1) , and
the corresponding solution, Aj , is denoted by A(1) . Then
all the Aj and Rj are cancelled. In practice, for each
step of determining “signiﬁcant node”, once a “signiﬁcant node” is sorted out, all the Aj and Rj should be
cancelled.
Step 2. Determine the sth “signiﬁcant node”
0 , have
After s − 1 “signiﬁcant nodes”, x10 , x20 , . . . , xs−1
been determined, the corresponding matrix K is
⎡
0 )⎤
1 k(x1 , x10 ) . . . k(x1 , xs−1
⎢
0 )⎥
⎥
⎢ 1 k(x2 , x10 ) . . . k(x2 , xs−1
⎥.
⎢
(18)
Ks−1 = ⎢
⎥
..
..
⎦
⎣ ...
.
.
0 )
1 k(xl , x10 ) . . . k(xl , xs−1

Because of D −1 = adj(D)/ det(D), the following equations
can be worked out [16]:

0 )
If the sample xj (j = 1, 2, . . . , l, xj  = x10 , x20 , . . . , xs−1
is being investigated, the “kernel vector” kj = [k(x1 , xj ),
k(x2 , xj ), . . . , k(xl , xj )] will attend the matrix K as
the last column vector. Then A is determined according to Eq. (15) and is denoted by Aj . Rj is also
estimated by Rj = [Aj 22 + KAj − B22 ]1/2 . After each
0 ) has been invesxj (j = 1, 2, . . . , l, xj  = x10 , x20 , . . . , xs−1
tigated, the sample corresponding to the minimal Rj is selected as the sth “signiﬁcant node”, and the minimal Rj is
denoted by R (s) .
To obtain Aj , we should ﬁgure out the inverse matrix
of K  K + I in advance. If the size of the matrix K  K +
I is very large, the computation will be time consuming.
Fortunately, because K  K + I is a symmetric matrix, an
optimization algorithm of computing the inverse of K  K +
I can be designed as follows. Above of all, we rewrite

(D)

−1

1
=


(Ds−1 )−1 + (Ds−1 )−1
×uu (Ds−1 )−1
−u (Ds−1 )−1

−(Ds−1 )−1 u
,
1
(21)

where  =  − u (Ds−1 )−1 u. If z = (Ds−1 )−1 u, it will follow
by Eqs. (15) and (21) that
Aj = (D)−1 K  B

1 (Ds−1 )−1 + zz
=
−z


−z
1




 B
Ks−1
.
kj B

(22)

So, Aj can be obtained according to
⎡
⎤
1
 B − 1 zk  B
A(s−1) + zz Ks−1
⎢

 j ⎥
Aj = ⎣
⎦,
1  
1 
− z Ks−1 B + kj B



A(s−1) = (Ds−1 )−1 Ks−1
B,

(23)

where A(s−1) is the solution of Eq. (15) based on the
previous s − 1 “signiﬁcant nodes”. Since (Ds−1 )−1 , A(s−1)
 B are also worked out while the (s − 1)th
and Ks−1
“signiﬁcant node” is determined, Aj will be not computationally intensive according to Eq. (23). We call the
above algorithm an optimization algorithm ofAj . The key
of the algorithm is to avoid the direct computation of
(K  K + I )−1 .
We repeat step 2 till |R (s) − R (s−1) | <  ( denotes a
threshold) is satisﬁed. Finally, the Aj corresponding to
the last “signiﬁcant node” is taken as the near-optimal solution of A and is denoted by A(s) . Strictly speaking, it
is not assured that the solution is optimal among all the
potential solutions. However, all the potential solutions only
can be obtained based on the enumerative method, which
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is not feasible for classiﬁcation problems with a large number of training samples. Here we only aim at ﬁnding the near
optimal solution according to the obtained solutions, and regard the solution corresponding to the last “signiﬁcant node”
as the near-optimal solution. The above method is called fast
kernel-based nonlinear method (FKNM). The main character of FKNM is selecting “signiﬁcant nodes” from the total
training samples and classifying test samples based on the
kernel functions between them and the test samples.
4. Multi-class FKNM
The NKNM and the FKNM originally focus on two-class
classiﬁcation. There are two well-known approaches to extend them into multi-class classiﬁcations. The ﬁrst is oneagainst-the-rest, and the second is one-against-one [17,18].
Suppose that there are L classes. For one-against-the-rest,
one classiﬁer is trained for one class and the other L − 1
classes. Consequently, L classiﬁers are necessary. As for oneagainst-one, one classiﬁer is only trained between a pair of
classes, so the number of necessary classiﬁers is L(L−1)/2.
With one-against-the-rest, all the L trained classiﬁers should
run once for classifying one test sample. As for one-againstone, it is also necessary for the L(L−1)/2 trained classiﬁers
to run once to classify one test sample. If different denotation codes are assigned to different categories, training and
classifying can be performed according to the codes. After
all the trained classiﬁers have run once for one test sample,
the test sample is classiﬁed into the class, whose code is
the closest to the computed outputs of the test sample. For
details, please see Refs. [18,19].
If the NKNM is applied to multi-class problems, the computational complexity of classiﬁcation is still directly proportional to the number of the training samples. Besides, it
has been shown that when applied to multi-classes, a binary
classiﬁcation method with one-against-one is superior to that
with one-against-the-rest in efﬁciency [19]. Naturally, as a
binary classiﬁcation algorithm, NKNM is also in accordance
with the above statement.
However, for the FKNM, the situation may be different.
Firstly, to classify one test sample, we only need to use the
kernel functions between the test sample and the “signiﬁcant
nodes”. As a result, the classiﬁcation efﬁciency of the FKNM
is directly related to the number of the “signiﬁcant nodes”
rather than that of the total training samples. Secondly, the
FKNM with one-against-the-rest may be more efﬁcient than
the FKNM with one-against-one, if the “signiﬁcant nodes”
in the former are less than those in the latter. We will further
discuss the issue by experiments.
5. Experiments
5.1. Experiment on benchmark datasets
An experiment is performed on several two-class
benchmark datasets (http://ida.ﬁrst.gmd.de/∼raetsch/data/).

100 partitions are generated for each dataset and every
partition includes one training sample subset and one test
sample subset. A Gaussian kernel in the form of k(x, y) =
exp(−x − y2 /(2)) is adopted. For each dataset, training
is implemented on the ﬁrst training subset, whereas testing
is performed on all the test subsets. Because every test
subset corresponds to an error rate, we can ﬁgure out the
average error rate of all the test subsets in one dataset and
take it as that of the whole dataset. Also, the average deviation of the error rates on all the test subsets is regarded as
that of the whole dataset. Let  be equal to the square of
Euclid norm of the covariance matrix of the ﬁrst training
subset. 0.0001, 0.001, 0.01 are assigned to , respectively.
When the FKNM is applied,  is set to be 0.01 for the
dataset named Banana, and is set to be 0.02 for the other
datasets. The classiﬁcation result of the NKNM is given in
Table 1, and the performance of the FKNM is shown in
Table 2. It is clear that as a whole the classiﬁcation performance of the FKNM is comparable with that of NKNM.
Moreover, according to Table 3, it appears that the “significant nodes” are much less than the total training samples.
Calculating the ratio of the number of “signiﬁcant nodes”
to that of the corresponding total training samples, we can
see that the smallest ratio is only 3.2%, and the largest
one is 18.6%. In other words, while the FKNM is used
to classify one test sample, only kernel functions between
a few training samples and the test sample are calculated
and used. So, by contrast with the NKNM, which classiﬁes
one test sample based on all the kernel functions between
the total training samples and the test sample, the FKNM
must be much more efﬁcient in classifying. With different
, the NKNM achieves gently different error classiﬁcation
rates. Meanwhile, the performance of the FKNM is also
slightly variable while  varies. The greatest ﬂuctuation of
classiﬁcation accuracy occurs on dataset named “thyroid”.
For the same datasets, we conduct the experiment again
with sigmoid kernel k(xi , xj ) = tanh(sx i · xj + t), where
s, t are two coefﬁcients. The setting of  is the same as
the above paragraph. The experimental results, shown in
Tables 1, 2 and 3, also indicate that the classiﬁcation performance of the FKNM is comparable with the NKNM, and
the “signiﬁcant nodes” are much less than the corresponding
total training samples. The largest ratio of the “signiﬁcant
nodes” to the corresponding total training samples is 17.1%,
and the smallest ratio is only 1.4%.

5.2. Experiment on CMU mask images
The CMU-Pittsburgh AU-Coded Face Expression
Database [20] is a dataset of face images with happy, joy,
angry, sad, surprised and disgusted expressions. By using
the spatial adaptive triangulation technique based on local
Gabor ﬁlters [21], 463 facial expression mask images are
obtained. 210 images are taken as training samples, while
the others are regarded as test samples. There solution of
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Table 1
Experimental results of the NKNM on four two-class benchmarks

Result of Gaussian kernel
The average of error
classiﬁcation rates
and the standard
deviation



0.0001

0.001

0.01

F. solar
Titanic
Thyroid
Banana

31.7 ± 1.9
22.7 ± 0.3
2.8 ± 1.3
11.0 ± 0.1

31.7 ± 1.9
22.7 ± 0.3
2.8 ± 1.5
11.5 ± 0.1

31.6 ± 1.9
22.7 ± 0.3
4.6 ± 2.0
12.2 ± 0.1

Result of sigmoid kernel
The average of error
classiﬁcationrates
and the standard
deviation

F. solar
Titanic
Thyroid
Banana

32.2 ± 1.8
21.7 ± 0.3
3.4 ± 1.7
11.2 ± 0.1

32.8 ± 1.8
21.7 ± 0.3
1.9 ± 1.4
10.9 ± 0.1

33.0 ± 1.8
22.7 ± 0.3
1.8 ± 1.3
11.0 ± 0.1

s

t

0.2
0.2
0.2
0.6

0.6
0.6
0.6
0.6

s

t

0.2
0.2
0.2
0.6

0.6
0.6
0.6
0.6

Table 2
Experimental results of the FKNM on four two-class benchmarks

Result of Gaussian kernel
The average of error
classiﬁcation rates
and the standard
deviation



0.0001

0.001

0.01

F. solar
Titanic
Thyroid
Banana

32.0 ± 1.8
22.6 ± 0.3
2.8 ± 1.5
11.4 ± 0.1

32.0 ± 1.4
22.6 ± 0.3
2.8 ± 1.5
12.1 ± 0.1

31.7 ± 1.8
22.6 ± 0.3
6.9 ± 2.2
12.8 ± 0.1

Result of sigmoid kernel
The average of error
classiﬁcationrates
and the standard
deviation

F. solar
Titanic
Thyroid
Banana

32.8 ± 1.8
22.6 ± 0.3
2.0 ± 1.3
11.3 ± 0.1

33.1 ± 1.8
22.6 ± 0.3
2.3 ± 1.4
11.2 ± 0.1

33.7 ± 1.9
22.6 ± 0.3
1.4 ± 0.9
11.1 ± 0.1

Table 3
Number of the total training samples of each benchmark and the number of the “signiﬁcant nodes” in the FKNM


The Number of total
training samples
The number of
“signiﬁcant nodes”
with Gaussian kernel
and varying 
The number of
“signiﬁcant nodes”
with sigmoid kernel
and varying 

F. Solar

Banana

Titanic

Thyroid

666

400

150

140

0.0001
0.001
0.01

21 (3.2%)
21 (3.2%)
21 (3.2%)

33 (8.3%)
32 (8.0%)
32 (8.0%)

5 (3.3%)
5 (3.3%)
5 (3.3%)

23 (16.4%)
26 (18.6%)
12 (8.6%)

0.0001
0.001
0.01

9 (1.4%)
17 (2.5%)
18 (2.7%)

41 (10.3%)
41 (10.3%)
50 (12.5%)

7 (4.7%)
7 (4.7%)
6 (4.0%)

24 (17.1%)
20 (14.3%)
23 (16.4%)

Number in the bracket is the ratio of the number of “signiﬁcant nodes” to that of the corresponding total training samples.

each image is 60 × 70 pixels. We will recognize the faces
according to their expressions, i.e. each test sample will
be sorted into one of the expression categories. In the experiment, kernel function k(xi , xj ) = (xi · xj )2 is adopted
and each image is transformed into a vector by stacking its
columns. For every image, each pixel value is divided by
6000, so the order of magnitudes of k(xi , xj ) is about o(1)
and consequent matrix K corresponds to a low condition
number. In addition,  is set to be 0.001, and for the FKNM
0.1 is assigned to .

Table 4 presents the classiﬁcation results of the FKNM
with one-against-the-rest. The error classiﬁcation rate of
the method is 11%, while that of the NKNM is 11.5% (not
shown in the table). It implies that the FKNM is comparable
to NKNM in classiﬁcation correctness. The total number of
the “signiﬁcant nodes” is only 70. So, while the FKNM is
applied for classiﬁcation decision of one test sample with
one-against-the-rest approach, only 70 kernel functions
should be calculated in advance. However, since there are
210 training samples in total, 210 kernel functions should

1032

Y. Xu et al. / Pattern Recognition 39 (2006) 1026 – 1033

Table 4
Experimental results of the FKNM with one-against-the-rest on the CMU mask images
Classiﬁer

B1

B2

B3

B4

B5

B6

Total

Error rate (%)

Time (s)

Number of signiﬁcant nodes

8

13

15

9

10

15

70

11

14.0

B1, B2, . . ., and B6 denote 6 different classiﬁers in the FKNM with one-against-the-rest. Based on the 6 classiﬁers, an error classiﬁcation rate of 11%
is obtained. The total number of “signiﬁcant nodes” used by the classiﬁers is 70. The time consumed for classiﬁcation is 14.0 s.
Table 5
Experimental results of the FKNM with one-against-one on the CMU mask images
Classiﬁer

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

B11

B12

B13

B14

B15 Total

Error rate (%) Time (s)

Number of signiﬁcant nodes

11

8

6

8

6

8

8

10

13

10

6

15

12

10

12

14.6

143

28.0

B1, B2, . . ., and B15 denote 15 different classiﬁers in the FKNM with one-against-one. Based on these classiﬁers, an error classiﬁcation rate of 14.6%
is obtained. The total number of “signiﬁcant nodes” used by the classiﬁers is 143. The time consumed for classiﬁcation is 28.0 s.

be worked out and used while the NKNM classiﬁes one test
sample. The ratio of the number of the “signiﬁcant nodes”
to that of the whole training samples is only 33%. The time
used for classiﬁcation is 14.0 s.
Table 5 shows the classiﬁcation results of the FKNM with
one-against-one. The classiﬁcation error rate is 14.6%, bigger than that of the FKNM with one-against-the-rest. The
total number of the “signiﬁcant nodes” is 143, which is 68%
of that of the total training samples. For classiﬁcation 28.0 s
is consumed, which is much longer than that of the FKNM
with one-against-the-rest.
It is usually considered that one-against-one is superior
to one-against-the-rest in classiﬁcation efﬁciency. However,
for the FKNM the situation is different, as is shown in the
above context. With less kernel functions and classiﬁers,
the FKNM with one-against-the-rest can classify test samples more efﬁcient than the FKNM with one-against-one.
It seems that the FKNM with one-against-the-rest beneﬁts
more from “signiﬁcant nodes”.

6. Conclusion
For two-class classiﬁcations, it is demonstrated that from
the viewpoint of feature space the nonlinear discriminant
analysis with class labels 1 and −1 is consistent with the
Fisher discriminant analysis. By introducing kernel function,
the nonlinear discriminant analysis may be transformed into
a form of NKNM (naive kernel-based nonlinear method).
For the NKNM, the classiﬁcation efﬁciency is so enslaved
to the number of the training samples that it becomes very
time-consuming and even impracticable if the number of the
training samples is large. The FKNM (fast kernel-based nonlinear method), is developed to speed up the NKNM. The
key of the method is to select the “signiﬁcant nodes”. They
may replace all the training samples to expand the discriminant vector in the feature space. An efﬁcient algorithm is developed to determine “signiﬁcant nodes”, and then the classiﬁcation process for two-class problems can be performed
much more efﬁciently based on the “signiﬁcant nodes”.

Furthermore, two well-known multi-class approaches,
one-against-the-rest and one-against-one, are introduced
to extend the FKNM into multi-class problems. Analysis
indicates that, differing from ordinary binary classiﬁcation
method in which one-against-one seems to be preferable,
the FKNM with one-against-the-rest can be superior to the
FKNM with one-against-one in classiﬁcation efﬁciency.
The experiments on benchmarks and real images database
substantially support our expectations and illustrate that the
fast method proposed in this paper is effective, efﬁcient and
feasible for two-class and multi-class classiﬁcations.
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